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Abstract-The boundary value problem for a circular elastic-plastic column in uniaxial compression is posed
in two ways. In one, the ends of the column are assumed 10 be cemented to rigid platens; while in the other they
remain shear free. For the latter end condition, one solution corresponding to a state of uniform uniaxial stress
is available for all values of applied compression. A class of bifurcation modes from this solution, that includes
Euler strut buckling and axisymmetric bulging as special cases, is investigated by means of the finite element
method. Here, it is found that the only bifurcation mode likely to be realized in elastic-plastic materials of the
class considered here (for realistic values of material parameters) is Euler strut buckling. The entire deformation
history of a stubby column cemented to rigid platens is also calculated. In this case, attention is confined to
axisymmetric deformations. The results obtained include the overall load-strain curve for the column cemented
to rigid platens and the stress and strain distributions at the mid section.

1. INTRODUCTION

THIS paper is concerned with the study of circular elastic-plastic columns under uniaxial
compressive loading. Here, the boundary value problem for uniaxial compression is
posed in two ways. In both a compressive displacement increment is prescribed at the ends
of the column. In one case these ends are required to remain shear free, while in the other
the ends are assumed to be cemented to rigid platens.

For the case of shear free ends, one solution, corresponding to a state of uniform
uniaxial stress is available for all values of applied compression. A class of bifurcation
modes from this solution is considered that includes Euler strut buckling and axisymmetric
bulging as special cases. The eigenvalue problem governing bifurcation is posed in terms
of a variational principle due to Hill [3, 4], and in this formulation, full account is taken of
both geometrical and material non-linearities. Separation of variables is then used in
conjunction with the finite element method to obtain a numerical solution to the eigen
value problem.

A comparison is made between the results obtained here and those of previous workers.
For Euler strut buckling, the well known tangent modulus formula was first obtained as
the result of a plastic bifurcation analysis by Shanley [1]. HiB and Sewell [2] applied
Hill's theory of bifurcation [3, 4J to obtain an approximate solution for the Euler buckling
of inelastic columns of arbitrary cross-section built in at one end. Hill and Sewell's [2]
result differed from the tangent modulus formula mainly by a shear stiffening term. This
term is negligible for sufficiently long columns, the precise specification of "sufficiently
long" depending on the properties of the material of which the column is composed as
well as on the geometry of the column. Axisymmetric bulging of circular columns was
studied by Cheng, Ariaratnam and Dubey [5J, for a class of incompressible elastic-plastic
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materials, although no numerical results were displayed. Recently, Newman [6J studied
the same class of bifurcation modes considered here for rigid-plastic Tresca materials.
Surprisingly Newman's results [6J predict that, for stubby columns, the bifurcation stress
should be an oscillating function of length to diameter ratio. Furthermore, he found that
"higher order" modes had a lower critical stress than either Euler strut buckling or axi·
symmetric bulging.

For the column cemented to rigid platens, the full boundary value problem must be
solved for each increment of applied compression. Here, attention is confined to a stubby
column and the deformations are assumed to be axisymmetric. The boundary value
problem governing each increment is posed in terms of a variational equation of equi
librium. This variational equation is solved by means of the finite element method and the
deformation history is calculated in a linear incremental fashion.

2. BASIC EQUAnONS

For completeness, the basic equations used in the bifurcation and incremental analyses
are presented in this section. The formulation given here is, identical to that used in a
recent study of necking [12J, where further details are given. Our approach to the field
equations is adopted from [7 and 8].

The volume and surface of a body in an undeformed state are denoted by V and S
respectively, and each particle is labelled by a set of convected coordinates Xi (i 1,2,3)
which serve as independent variables. In the undeformed body, the covariant components
of the metric tensor are given by gij and its determinant is denoted by g; while in the de
formed body these quantities are given by G/j and G respectively.

The Lagrangian strain rate is given by

~ij = t(Ui,j+Uj,i+gpiu;iU;j+U;iU;j» (1)

where Uk are the covariant components of the displacement vector referred to the un
deformed base vectors, and ( ),i denotes covariant differentiation with respect to the
undeformed metric tensor. Here, the operation (') denotes differentiation with respect to
some monotonically increasing parameter that characterizes the load history. This param
eter is taken to be the magnitude of the compressive displacement at the end of the
column, U.

The contravariant components of the Kirchhoff stress tensor on the embedded de
formed-coordinates are denoted by qik, These are related to the contravariant components
of the Cauchy stress tensor, (1, by

(2)

The stress rates qij are related to the strain rates ~ij by a constitutive relation, to be
discussed subsequently, that is of the form

(3)

The instantaneous moduli have the symmetries Lijkl = Lklij = L1kij = Lk1ji and have
two branches, one corresponding to plastic loading and the other to elastic unloading.

The equation of continuing equilibrium may be formulated variationally as follows
[3, 4J: among all velocity fields that take on the prescribed velocities on Su, the actual
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velocities satisfy

where

(4)I Ii [Lijkl" ij 'l"q]dV f t i ' dS= 2: rJil1k1 +q gp'qU,iU,j - ui ·
V ST

Here, q is the current stress state, L the corresponding tensor of moduli and t i is given by

t i = (q'ik+q'kiui.+qkjti.)n . (5)
,J ,J k

The variational equation of equilibrium (4) serves as the basis for implementing a
finite element solution to the axisymmetric compression of a stubby column cemented to
rigid platens. An identity, following from the principle of virtual work, that is useful in
this incremental calculation, is:

(6)

(7a)I

For the case of a column with shear free ends, one solution, corresponding to a state
of uniform uniaxial compression, is available for all values of U. This solution is termed
the fundamental solution and is unique for sufficiently small values of U. At some critical
compression, say Ue, a bifurcation from the fundamental solution first becomes possible.
Then, with the body in a state characterized by a displacement field u and a stress field q,
a non-trivial solution exists to the following set of homogeneous equations:

~ f fq'*iiM·.+qijg. u'!;Pu,,:q] = 02 J
v

~ '''J pq ,t ,j

M 0

ut = 0 on Suo

(7b)

(7c)

Here, the superscript * denotes the difference between field quantities associated with the
fundamental solution and those associated with the second solution, and the strain rates
~~ are related to the velocities by (1). This result, in its full generality, is due to Hill (3,4].

If the increment in the fundamental solution at Ue has the property that loading occurs
everywhere in the current plastic zone, the stress rates in (7a) are related to the strain
rates by

(7d)

Furthermore, the branch of the tensor of moduli for plastic loading is to be used in (7d).
Thus, the system of equations (7) is independent of the loading-unloading criterion; and
in Hill's [3,4] terminology a linear comparison solid has been introduced.

Although no attempt is made here to study the post·bifurcation behavior ofthe column,
we note that the amplitude of the bifurcation mode is uniquely determined by the require-
ment that loading occurs everywhere in the current plastic zone, except at one point or
along one curve where neutral loading takes place [9].

The particular stress-strain law used in this study is of the form (3) and is a large
strain generalization of J2-flow theory with isotropic hardening, due to Budiansky [10].



984 A. NEEDLEMAN

It is assumed that the total strain rate can be written as the sum of the elastic strain rate,
~fj' and the plastic strain rate, ~fj' The elastic strain-rate stress-rate relation is taken to be

(8)

Here, a~ are mixed components of Cauchy stress, v is Poisson's ratio, and E is Young's
modulus. This relation does not admit a potential in the large strain region, but when
linearized it does give Hooke's law. Since this stress-strain law is intended to apply to
situations in which the elastic strains remain small, it is expected that the use of (8) instead
of a truly elastic relation will not result in significant error in the total strain. The yield
function for Jz-flow theory with isotropic hardening is F = ae- c, where c is either the
maximum value of ae over the stress history or the initial yield stress ay, whichever is
greater and ae is given by

(9)

where

'P
I}ij =

The generalized flow rule takes the form

~(~_~)s.ae if a = canda > 0
2 E, E IJ ae e e -

o {if(i)ae<c

or (ii) ae = c and ae ~ o.

(10)

(11)

Here, E t is a function of the stress invariant ae and is the slope of the true-stress natural
strain curve in uniaxial tension.

The constitutive equations may be inverted to find the stress rates in terms of the
strain rates (as has been done by Chen [IIJ) to obtain

Here,

(12)t

and

{
o if(i)ae<cor(ii)ae=c and

A = 1 if ae = c and Sij~ij;::: 0
(13)

(14)
ay

£=
y E

The contravariant components of Kirchhoff stress qij differ from the contravariant
components of Cauchy stress by a factor (Gig)!. This factor is equal to the change in

t In (12) and subsequently all stress quantities are non-dimensionalized with respect to the yield stress, (Jy'
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volume between the deformed and undeformed configurations. Since the plastic strain
increments given by (11) are incompressible, the volume change is due entirely to the
elastic strains which are assumed to remain small. Hence, the approximation (Jii ~ qii will
involve little error and (Jii will be replaced by qii in the constitutive equation (12).

An alternative derivation of the constitutive relation could proceed by replacing the
Cauchy stress components appearing in (8-11) with the corresponding Kirchhoff stress
components. In this derivation, however, the tangent modulus, EI , would differ slightly
from the slope of the true-stress natural-strain curve.

In the present study, two representations of uniaxial stress-strain behavior are used.
One is the Ramberg-Osgood relation given by

(15)

The other is a piece-wise power law of the form

(16)

Here, s is the natural strain, (J is the true stress, and n is the strain hardening exponent.
The Ramberg-Osgood relation is more convenient to use in Euler buckling calculations
since it exhibits a continuous tangent modulus, whereas the piece-wise power law is more
convenient in the incremental calculation as it gives rise to a sharp yield point.

In the Ramberg-Osgood relation (15), (J = (Jy implies that s = (1 +O:)sy, so that (Jy is
a reasonable approximation to the yield stress only if 0: is small. In this paper, 0: will always
be taken to be O· L

3. BIFURCATION ANALYSIS

The circular column studied here has initial length 2Lo and initial radius Ro.
Cylindrical coordinates are used with Xl r, x2 = 0 and x3 = z.

The column is compressed parallel to the z-axis, while the ends remain shear free. Also,
the lateral surfaces are required to remain traction free. Thus, the boundary conditions are

t l (r, e, ± L o) t 2(r, e, ± L o) = 0

u3(r, e, ±Lo) = ± 0

ti(Ro, 0, z) 0 i = 1,2,3.

The fundamental solution is given by

Uo = 0

u, = br

(17a)

(17b)

(17c)

(18)
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where

and
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(19a)

(19b)

(20a)

(20b)

Here, (l9a and 20a) are the fundamental solution for the Ramberg-Osgood representation
of unixial stress-strain behavior while (l9b and 20b) are the fundamental solution for
the piecewise power law.

Now, we seek a bifurcation of the form

Ii: = vr(r) cos ke sin( 1I:Z )
2Lo

Ii: = rvo(r) sin ke sin( 1I:Z ) (21)
2Lo

Ii: = vz(r) cos ke cos( 1I:Z ).
2Lo

This assumed bifurcation mode satisfies both the shear free end condition (l7a) and the
homogeneous velocity condition (7c) identically. When (21) is substituted into the bi
furcation functional ~7a) and the integrations with respect to e and Z are performed, (7)
reduces to

fRO { ['2 (Vr+kvo)2] 2 '(Vr+kVO) [, Vr+kVo]1= 0 C 1 Vr + --r- +C2Vz +2c3 vr --r- -2c4 vz Vr+--
r
-

+cs [v~- (Vo~kVr)r+c{(2~J(l+b)vr+(l +a)V~r

+C{(2~J(l+b)V-(l+a)k~r-(2~J2(1:ca)2(V;+V2+v;)}rdr = 0 (22a)

M = O. (22b)

Here, ( )' denotes d/dr and the constants C1 (i = 1,6) depend on (Yo the effective stress at
bifurcation, and are determined from the constitutive equation (12).

The variational equations (22) will be used to determine an approximate critical stress,
(Yc' and an approximate eigenmode. The advantage of this formulation is that the trial
functions of the variational method need only satisfy the essential boundary conditions of
the problem. The natural boundary conditions are then satisfied approximately by the
solution of (22).

In the present problem, the essential boundary conditions depend on the azimuthal
wave number, k, and follow directly from the requirement that (22a) be finite. For k = 0,
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axisymmetric bulging, the only essential boundary condition is

v.(O) = O. (23)

While for the shear free conditions employed here it is possible for an axisymmetric
bulge to appear at one of the platens, we expect bulging to occur symmetrically about the
mid-plane of the column. Thus, for convenience, in the case of axisymmetric bulging, 2Lo
will be identified as the half-length of the column, will be denoted by L H , and we will
assume the axisymmetric mode is symmetric about the mid-plane of the column.

For azimuthal wave number k = 1, the essential boundary conditions are

Vr(O) +ve(O) 0

vz(O) = O.

(24a)

(24b)

Here, (24a) is equivalent to the requirement that G22~!2 be finite at r = O. The essential
boundary conditions (24) apply to the bifurcation mode that is termed Euler strut buckling.

For k > 1, the essential boundary conditions are

(25)

The condition that both vr(O) and ve(O) vanish arises from the requirement that the terms in
(22a) involving (vr +kve)2 and (ve+kvr )2 vanish at r = O. Thus, it is only possible for the
centerline of the column to deflect with k = 1 in the Euler buckling mode (24). However,
it is certainly possible to impose (25) for k = 1, although such a mode would have a bi
furcation stress no less than the mode with essential boundary conditions (24). Here, for
comparison purposes, we will admit the possibility of a bifurcation mode with k = 1,
satisfying (25).

The numerical method used to implement a solution to (22) is based on the finite
element method and is essentially the same as that used in a previous study of necking [12J.
The interval [0, RoJ is divided into sub-intervals of length h = Ro/U-1) where j is the
number of nodal points. The functions v" Ve and Vz are taken to be linear in r in each sub
interval.

To begin the bifurcation calculation, an initial guess is made for the critical stress,
rIe> and the corresponding instantaneous stiffness matrix is computed. The variational
equation (22b) becomes

A(rIclx = 0 (26)

where the symmetric matrix A is the assembled stiffness matrix after the appropriate
essential boundary conditions (23, 24 or 25) have been imposed and x is the vector of nodal
velocities.

Cholesky decomposition is used to factor A into

where M is a lower triangular matrix and MT its transpose. Now,

det A = (det Mf

(27)

(28)

and since det M is the product of its diagonal entries, det A vanishes when one of these
diagonal entries, say Mi;' is zero. A Newton-Raphson type iteration was used to deter
mine the smallest value of rIc for which det M = O. Then, by deleting the ith equation and
setting the nodal velocity Xi equal to unity, the bifurcation mode is calculated.
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Finally, for the case of axisymmetric bulging, k = 0, and elastic incompressibility,
v = t, an explicit analytical bifurcation criterion may be obtained as has been done by
Cheng, Ariaratnam and Dubey [5].

The case of strict material incompressibility requires a slight modification of the
bifurcation analysis, since a hydrostatic pressure must now be introduced. However, this
calculation parallels that in [5J and only the final result will be given here. The bifurcation
condition is

(1-qi)J1(mq1)[fJ1(mqZ)-mqzJo(mqz)(fz +qm

= (1-qDJ1(mQz)[I1 J1(mqd-mQJo(mqd(fz +qi)]. (29)

Here, Jo( ) and J1( ) are Bessel functions of the first kind of order zero and one respectively
and

m= (nRo)~
L H I +a

q1 = (2-3l/J)-±[(1-3¢)+i(4-9l/Jz -(1-3¢)z)±J±

qz = (2-3l/J)-+[(1-3¢)-i(4-9l/Jz-(1-3¢)z)±J±

4

11 = 2-3l/J

f
- 6¢-3l/J

Z - 2-3l/J

l/J = (Je

E

(30)

(3Ia)

(31b)

(31c)

(31d)

(32a)

(32b)

where i = ( -1)+, a and b are determined by (19 and 20) with v = t, and L H is the half
length of the column.

4. BIFURCAnON RESULTS

The main result of the bifurcation calculations is that the only bifurcation mode likely
to be realized in elastic-plastic materials of the class considered here (for realistic values
of material parameters), is Euler column buckling. Other modes are probably available
but they require such enormous compressive strains to be activated that it is doubtful
they could be experimentally achieved.

In Fig. 1, the bifurcation stress for Euler buckling is shown for a Ramberg-Osgood
material with n = 8, Gy = 0·0072, v = t. rx = 0·1. Also shown in this figure are curves
obtained from two approximations; one is the Rayleigh-Ritz approximation of Hill and
Sewell [2]. Here, specialized to the case of a circular column with shear free ends, the
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FIG. J. Curve of critical stress vs length to diameter ratio for Euler buckling (Ramberg-Qsgood material
with n = 8,oy = 0·0072, v j, IX = 0·1).

approximate velocity field is given by

-1 1( n )Z(I+b) 2
V

r = (l +b/'2 2Lo (1 +af Pr

1 1( n )2(l+b) .2
Vo= (1+b)+'2 2L~ (l+a)2Pr

Vz = (2~J (l ~a{
where a and b are determined from (19 and 20) and Pis given by

(33a)

(33b)

(33c)

P= t+(v
E

(34)

When (33) is substituted into the bifurcation functional (22a), the following approximation
is obtained for the bifurcation stress, Ue -

(35)

U [1+~(nRo)2(I+b)2 +]"_pz(nRo)4(1+b)4J
e 4 2Lo 1+a 24 2Lo 1+a

l(nR )2(I+b)2 1 (E ) (nR )4(I+b)4
= 4: 2L: l+a (E1+2uo)+24 l+v +ue p

2
2L: l+a

The tangent modulus formula is obtained by neglecting the shear stiffening term on the
right hand side of (35) and by neglecting both terms on the left side of (35) involving the
ratio (nRo/2Lo).

For length to diameter ratios greater than 3, the full numerical solution, the Ritz
approximation (35), and the tangent modulus formula all agree within 1 per cent. For
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more stubby columns the difference is greater, but all give qualitatively similar results. In
particular all predict a minimum length to diameter ratio at which Euler buckling is
possible. Actually, for stubby columns, the tangent modulus formula is slightly closer to
the numerical solution than the Ritz approximation. We note that although this is true
for a circular column with the material parameters used here, it may not be true for columns
with other cross-section shapes or other values of the material parameters.

As expected, the critical stresses (obtained by the full numerical calculation) did not
depend very much on Poisson's ratio, v. Here, it was found that for n 8, cy = 0·0072,
a = 0·1, LolRo = 6, varying v between t and 0-48 altered ac by less than 0·1 per cent.

In most cases, 21 points (Ar = 0·05) were used in the calculations performed to obtain
Fig. 1. For certain values of LalRo, these eigenvalue calculations were repeated with
11 points (Ar = 0'1) and 41 points (Ar = 0·025). The bifurcation stresses obtained with
11 points agreed with those obtained with 41 points to at least three significant figures.

We note that a slight modification of the iteration procedure described in Section 3
was needed to obtain the upper portion of the curve in Fig. 1. Here, the bifurcation stress
ac was fixed and the iteration was performed on (LaIR o).

For n = 8, cy = 0·0072, rx = 0·1, v t. a numerical search revealed no other mode
with a critical compressive strain V ILo less than 0·99. It was not possible to determine
whether or not bifurcation occurs in the range 1 ~ VILa> 0·99, because computation
for such large compressions is extremely difficult.

The unsuccessful search for axisymmetric and higher order modes was conducted as
follows. At several values of LolRo > 1·75 m a search was made for a mode with a bi
furcation stress less than that for Euler strut buckling and none was found. For LolRo
< 1·75 an extensive search was made for any mode with a critical compressive strain
VILa, less than 0·99. A computer program was written to evaluate the analytical bi
furcation criterion (29) in which v 1. The criterion (29) was evaluated for values of
VILo up to 0·99 and no bifurcation was found. Also, the finite element program based on
(22) revealed no axisymmetric or higher order modes with a critical compressive strain,
VILo, less than 0·99. These finite element calculations were performed with 501 points
(Ar = 0·002). Thus, our results indicate that for n = 8, cy = 0·0072 and LolRo < 1·75, the
height of the column can be reduced todio of its original value, without bifurcating from
the fundamental solution.

The coriclusion that stubby columns of structural metals do not bifurcate is not with
out some experimental support. Phillips [13] has reported unpublished experimental
work by Jovane at the National Engineering Laboratory, East Kilbride, in which homo
geneous compressive strains of up to 0·99 were achieved in structural metals by carefully
lubricating the specimen-platen interface. However, Phillips [13] did not report the
original length to diameter ratio (LoIRo) of the specimens used.

For an unrealistically high rate of hardening (n = 2), bifurcation results were obtained
for a variety of modes. These results are displayed in Table 1. Note that reductions in
height of more than 92 per cent are required for bifurcation. The critical stress obtained
for axisymmetric bulging from (29), in which v = t, was 56·71ay • This differs by about
1·5 per cent from the result in Table 1, where v = t.

Figure 2 shows the bifurcation mode obtained for axisymmetric bulging (k = 0).
Nearly all the deformation is confined to a small region near the lateral surface of the
column. This is also characteristic of the modes obtained for the higher values ofazimuthal
wave number, k. Although, ofcourse, these modes involve Veas well as Vr and vz • The mode
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TABLE I_ BlFURCAnON STRESSES FOR n = 2, By = 0·0072, v = t, IX = 0-1

991

Azimuthal
wave No.

k

o
It
I
2
4
6
9

14

Column
dimensions

LHIRo = I
LolRo = I
Lo/Ro = 1
LolRo = I
Lo/Ro = I
LolRo = 1
LolRo = I
Lo/Ro = I

Bifurcation stress
_ (11,)

Yield stress

56·01
55·49
55·49
55-53
55-70
55·96
56·45
57-34

Compressive
strain at (UILol,

bifurcation

-0·9300
-0·9268
-0·9268
-0·9271
-0·9281
-0·9298
-0·9327
-0·9379

t Euler column buckling_

in Fig. 2 is similar to that obtained by Vaughan [14] for axisymmetric bulging of elastic
solids.

As can be seen in Table 1, both modes with azimuthal wave number, k, equal to unity
have approximately the same bifurcation stress. This is because the Euler buckling mode
is nearly the same as that obtained from the mode corresponding to the boundary con
ditions (25), in fact for Euler buckling

Vr(O) = -vo(O):::::: -6x10- 13 xv.(Ro). (36)

This indicates that the curve of critical stress versus length to diameter ratio, Lo/Ro, is
qualitatively different for n = 2 from the corresponding curve for n = 8. For the case
n = 2, as Lo/Ro decreases, vr(O) and vo(O) obtained from the bifurcation mode for Euler
buckling decrease until they almost vanish and the two modes with k = 1 become nearly
identical. On the other hand, for n = 8 the curve begins to bend back at Lo/Ro 1·75,
(Ie = 1·87_ At this point

vr(O) = - viO) = - 0·98 x v.(Ro).

1-6

1-2

~ 0-8
:::.~

I{
~

I 004

'"i5 0 rlRo

- 04

FIG. 2. Axisymmetric eigenmode for n = 2, By = 0·0072, v = t, IX = 0-1, LHIRo = L

(37)
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Also, the results in Table 1 show that the critical stress for k = 0 is greater than that
for k = 1, but for k > 1 the critical stress is a slowly increasing function of azimuthal
wave number k.

We note that these calculations required far more points than were required for Euler
strut buckling. Most of the results displayed in Table 1 were obtained with 501 points
(M = 0·002). A few calculations were repeated with 651 points (M = 0·00154) and the
critical stresses obtained in these calculations were within 0·8 per cent of the values
obtained with 501 points.

As stated in the Introduction, the results obtained here are quite different from those
obtained by Newman [6]. Newman's formulation of the problem was different from that
employed here and he considered rigid plastic Tresca type materials. For long columns,
Newman's results [6] for Euler strut buckling were in fairly close agreement with the
tangent modulus formula, but for stubby columns he found that the critical stress was an
oscillating function of LoiRo. Also, for long columns, Newman [6] found that there were
higher order modes with critical stresses less than the critical stress for Euler buckling.

5. RESULTS FOR A STUBBY COLUMN CEMENTED TO RIGID PLATENS

In this section, the results of an incremental calculation of the deformation history of
a stubby column will be presented. The column is of initial length 2LH and initial radius
Ro. Here, only axisymmetric deformations will be considered, and, in addition, it is
assumed that the deformations are symmetric about the midplane z = O. We imagine the
column to be cemented to rigid platens so that at z = L H , the boundary conditions are

(38)

Subsequently (38) will be referred to as the cemented end condition.
In this calculation the piece-wise power law model of uniaxial stress strain behavior

is employed with the following set of material parameters:

n=8 Ey 0·0072 v = t, (39)

also, the ratio LHIRo is taken to be one.
A numerical solution to the incremental equilibrium equation (6) is obtained by means

of the finite element method. The computer program used to implement this solution is
identical to that employed in a recent study of necking [12] except, of course, that here a
negative displacement increment is applied at z = LH' Since a description of the numerical
procedure is given in [12], only some of the features of the calculation will be described
here. Further details are given in [12].

1. A grid with 613 nodal points was used, arrayed as shown in Fig. 3 with M = Llz
= ,\, and the displacement increments are taken to be linear in rand z in each element.

2. The load increment is calculated from the identity (6), instead of by extrapolation
of element stresses to the boundary.

3. Loading or unloading in each element is determined as follows: if the stress state
of an element is on its current yield surface, the loading branch of the moduli are taken to
be active. If (J e for that element turns out to be negative, elastic unloading takes place in
the next increment. This procedure is only accurate if small increments are used and the
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FIG. 3. Coarse version of finite element grid.

transition from loading to unloading (or vice versa) in any element occurs smoothly and
only once or twice during the loading history.

The curve of load versus engineering strain is shown in Fig. 4. For comparison pur
poses, the curve obtained from (19b and 20b) for the case of shear free ends is also shown.
It can be seen that the curve for the cemented end condition has a higher apparent yield
stress, even though local plastic deformation has taken place at loads below ay. At large
strains (UIL H > 0·075), the curves are nearly parallel, indicating that, although the
cemented column is "stiffer" than the column with shear free ends, the apparent rate of
hardening is nearly independent of the boundary conditions.

The radial displacement at the mid-section (z 0) is shown in Fig. 5 for both sets of
end conditions. As expected, the radial displacement at z = 0 is greater for the column
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0'4 -

0·2 -

O·OL.-__..l-__...J....__-L__--J

0-0 005 0·10 0'15 0·20
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FIG. 4. Curves of load vs compressive strain (n = 8, Sy = 0-0072, v = !, LuiRo = I).
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FIG, 5. Curves of radial displacement at midsection vs compressive strain (n = 8, liy = 0-0072, v
LlIlRo = 1).

with cemented ends, which "bulges" out, than for the column with shear free ends, that
expands uniformly.

In Fig. 6, the current plastic zone and deformed shape of the column with cemented
ends is shown at various stages of compression. The plastic zones displayed here were

"-_---J..Z=0-
U/LH = 00065 UII.,. = 0·009

FIG. 6. Development of plastic zone (shaded area) and deformed configuration for stubby column
cemented to rigid grips (n = 8, Ii, = Q.0072, v = ~, LlIlRo = I).



A numerical study of uniaxial compression in circular elastic-plastic columns 995

obtained by sketching smooth curves through the elements on the elastic plastic boundary.
Plastic deformation begins in a small region near the lateral surface of the column at the
cemented end. Then, a large region of plastic deformation appears near the axis of the
column along the midsection z = O. This region grows and finally links up to the small
region at the lateral surface of the column. Hereafter, the plastic zone grows slowly and
even at the last stage shown (U/L H = 0·157) there is a region that has not yet yielded. It
can also be seen from this figure that the bulge that develops is not very pronounced.

Next, Fig. 7 shows sketches of contours of constant effective stress, in the original con
figuration, at two stages of compression. In the early stage of compression, U/LH 0·009,
the regions of high effective stress are confined to the corners z = 0, r = 0 and z = LH ,

r = Ro. At z = LH , r = Ro the stresses are singular, but as can be seen in this figure the
high stresses due to the singularity are confined to the elements bordering this corner.
However, at the latter stage a diagonal band has developed that links the two regions of
high effective stress.

The next three figures show the strain and stress distributions at the midsection, z = O.
As in [12], these are not actually the distributions at z = 0 but are the stresses and strains
associated with the nodes on the line Be of Fig. 3.

The strain distributions are shown in Fig. 8, at two stages of compression. It can be
seen in this figure that the strain components reach their peak values on the axis of the bar

1'10

UILH = 0'009

1'56

I.~

UILH =0'157

FIG. 7. Contours of effective stress in original configuration for two stages of compression (n 8,
Sy = 0·0072, v = 1, LH/ Ro 1).
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FIG. 8. Strain distributions at midsection at two stages of compression (n = 8, Ii, 0-0072, v = t,
LulRo = 1).

and that these peaks become accentuated as deformation proceeds. Also, note that 17"
and 17eo are not equal except near r = O.

Finally, Figs. 9 and 10, respectively, display the stress distributions at the midsection
for U/LH = 0·037 and U/LH = 0·157. Surprisingly, each stress component reaches a local
minimum slightly off the axis of the column. This minimum is sharper in the latter stages
of compression. However, the effective stress does reach its maximum at r = O. Two
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~ -1'2
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1/5 2/5 3/5f------,---

FIG. 9. Stress distribution at midsection at VILli = (}037 (n = 8, e" = (}0072, v = t, LHIRo = 1).
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FIG. 10. Stress distribution at midsection at U/Ln = 0·157 (n = 8, £,. = 0·0072, v J, Ln/Ro = I).

noteworthy features of the stress distributions are; a positive hoop stress, (J66, at the lateral
surface and the fact that the effective stress obtained here is not uniform across the mid
section.

Also shown in Figs. 9 and 10 is the triaxial tension given by

p = t((Jrr + (J66 + (Jzz)·

This quantity is of particular importance since it is currently thought, see [15J, that an
important mechanism of ductile fracture is the growth and coalescence of voids driven by
a positive triaxial tension. Here, p is found to be least negative at r Ro, that is, at the
lateral surface. Furthermore, the triaxial tension at r = Ro becomes less negative as
deformation proceeds. Unfortunately, the present calculation could not be continued fap,
enough for p at the lateral surface to become positive. However the experiments of Kuhn
and Lee [16J, which show voids developing on the surface of a circular cylindrical com
pression specimen, lend support to the contention that the triaxial tension does eventually
become positive at r = Ro .
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A6CTpaKT-)laI<JTCH )l.Ba pa3Hbix cnoc06a <POPMYJ1I1pOBKU KpaeBoll 3a)l.a'lU )l.nH Kpyrnoll, Ynpyro-nnaCTlI'l
eCKoll KonoHHbl, noJJ. BnUlUlueM OJJ.HOOCHoro ClKaTI1H. Bo nepBoM. npe)l.nOnaraeTcH KOHUbl KOJIOHHbl
lIBJIlilOTCH npHKpenneHHblMH K lKeCTKIIM rrnllTaM, TOnia KaK B )l.pyroM OHH CB060)l.Hbl OT C)l.BHra. )lnH
3Toro nOCJIe)l.lIero KpaeBoro yCJIOBl1l1, rrony'laeTCli O)l.1I0 pellleHlle, KOTopoe COOTBeTcTByeT COCTOHHI1IO
O,UHopO)l.HOrO, OAHOOCHoro Harrpll)KeHlIlI AnJi acex 3Ha'iemlH npHnO)l(eHHOrO C)I(aTIIJI. MeTo)l.oM KOHe'lHOrO
3neMeHTa Hccne,UyeTcH Knacc ljIOPM 6H<pypKaUHH )l.JJlI 3Toro pellleHHH. B Ka'leCTBe CneUllaJJbHblX CJly'iaeB,
3TOT KJIaCC "laKJJIO'iaeT ITP0,UOJJbHblH H3rH6 CTOllKH B CMblCJJe 3HJJepa U OCCCIIMMeTpll'ieCKOe BbinY'lHBaHlle.
OKa3blBaeTCli 3aTeM, 'ITO e.uIlHCTBeHHoll <pOpMOR 6H<pYPKaUHH, KOTOPYIO MO)l(HO BepOHTHO peaJlH30BaTb
B ylTpyro-nJJaCTII"ICCKHX MaTepllanax, paCCMaTpllBaeMoro 3AeCb KJJaCCa [.uJIJI peaJlbHblX 3Ha'ieHHH napaMeT
pos MaTepllaJIa], HBJIlleTCH rrpo,nOJlbHSH lurn6 CTeplKHH B CMblCJJe 3HJJepa. flOAC"IHHbISaerCH, TaK)I(e,
nOJIHali IICTOpHH )le$opMaUllll .uJlll KOpOTKOH KonOHHbI, rrpllKperrJJeHHOH K )l(eCTKIIM rrmuaM. ,lInH ::noro
CJIy'lall, OrpaHII'lIlSaCTCH BHIIMaHHe K oceCIIMMeTpH'lecKHM )l.e<popMaUIIHM. flony'ieHHble pe3YJlbTaTbi
np"BO)lHT nOJJHylO KPIISYIO HarpY3Ka-Ae<popMaUIIH, )l.Jlll KOJlOHHbl, rrplIKpenJIeHHOR K )l(CCTJIHM rrJllfTaM II
paClTpeJleJJeHlle Hanpll)l(CHlIll H Jle<popMaUllll .uJJH cpe.uHero Ce'ieIlHJI.


